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A B S T R A C T

The Discrete Element Method (DEM) has been widely used to simulate the mechanical behavior of discontinuous 
rock masses, particularly in underground environments; however, its applicability is often limited to specific 
contact conditions, such as quasi-static or dynamic interactions. To achieve broad applicability, this study pre
sents a Hybrid Discrete Element Method (hDEM) that adaptively selects between different numerical schemes for 
contact treatment. The proposed method employs a threshold velocity based on the principle of energy con
servation to distinguish between computational schemes at contact: a force-based method is applied to quasi- 
static contacts, while an impulse-based method is used for dynamic contacts. This approach enables hDEM to 
accommodate varying contact conditions within a unified framework. Several metrics, validated against theo
retical solutions, demonstrate that the proposed approach yields accurate and stable results across different 
loading scenarios, addressing some of the limitations observed in conventional methods. The relative error of 
contact force was controlled within 5×10-4 % in static tests and the mean absolute error of the velocity was 
recorded as 3.41×10-3 m/s in dynamic tests. In a comparative simulation of tunnel excavation, hDEM achieved 
results similar to conventional DEM while reducing the number of convergence cycles by 65.4%, highlighting its 
efficiency and potential as a practical numerical tool for adaptive contact treatment of discontinuous rock 
masses.

1. Introduction

The stability of tunnels and underground structures is determined 
not only by continuous deformation in intact materials but also by 
discontinuous effects caused by structural features such as joints and 
faults, which play a particularly dominant role in blocky rock masses 
(Hoek and Brown, 1980). In 1979, Cundall and Strack developed the 
Discrete Element Method (DEM) to analyze the behavior of disconti
nuities, which has been extensively applied in various engineering fields 
(Cundall and Strack, 1979). DEM enables the explicit modeling of rock 
masses as independent blocks or particles, allowing for effective analysis 
of discontinuities such as joints and faults (Cundall, 1988; Hart et al., 
1988). In the field of geotechnical engineering, this method has been 
established as a key tool for the analysis of discontinuous rock masses, 
particularly in highly confined conditions where quasi-static contacts 
are predominant, e.g., tunnel excavation or pillar stability analysis in 
underground mines (Jing and Hudson, 2002; Lisjak and Grasselli, 2014; 
Augrade et al., 2021).

At the same time, considerable efforts have been devoted to 

improving this approach, primarily addressing the computational costs 
that represent critical issues when performing these analyses. For 
instance, calculations based on penetration depth entail substantial 
computational demand with an increasing problem when solving large- 
scale models, leading to recurring concerns regarding the practical 
constraints of DEM (Paluszny et al., 2013; Lisjak and Grasselli, 2014). In 
addition, incorporating large-scale 3D simulations and coupling with 
thermodynamic or hydrodynamic calculations causes the simulation 
time to increase exponentially (Jing, 2003; Lemos, 2012; Wang et al., 
2022). On the other hand, penetration depth-based calculations offer 
only conditional stability when small timesteps are used, making them a 
major contributor to the overall numerical burden (Augrade et al., 
2021).

In recent years, there has been active research on applying hardware 
acceleration technologies to overcome the aforementioned computa
tional limitations of DEM (Lubbe et al., 2020; Park et al., 2021; Duriez 
and Bonelli, 2021; Fukuda et al., 2021; Wang et al., 2024; Zhang et al., 
2024; Lei et al., 2025). These studies primarily utilize frameworks such 
as OpenMP and CUDA to perform parallel computing with multi-core 
CPUs or general-purpose GPUs (GPGPUs), enabling efficient 
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processing of large-scale simulations and multi-physics couplings. For 
instance, Lei et al. (2025) developed a new contact detection algorithm 
using GPGPU to improve memory usage and computational efficiency, 
whereas Wang et al. (2024) leveraged OpenMP to model excavation 
with rock bolt support on modern CPUs. Fukuda et al. (2021) introduced 
a novel contact activation scheme for dynamic rock fracturing, and 
Zhang et al. (2024) expanded FDEM for elastoplastic-damage-fracture 
behaviors using improved GPU-parallelization.

While hardware-based approaches offer clear performance benefits, 
algorithmic improvements provide a complementary path that can 
enhance computational efficiency without relying on specific hardware 
configurations. One such approach is impulse-based dynamic simula
tion, also known as the momentum-exchange method, which computes 
contact interactions based on impulse(Hahn, 1988; Baraff, 1989; Cun
dall and Hart, 1992). Although this method may compromise some ac
curacy compared to conventional DEM, it offers a significant advantage 
in simulating contacts at high speed (Mirtich, 1996). Originally devel
oped and widely used in animation and gaming applications, this 
method has recently attracted growing interest in the field of granular 
materials due to its computational efficiency (Lee, 2014; Lee and 
Hashash, 2015; Park et al., 2021). However, because it models all con
tacts as instantaneous collisions, impulse-based dynamic simulation has 
difficulty accurately capturing quasi-static contact behavior, particu
larly under highly confined conditions (Tan et al., 2024).

DEM and impulse-based dynamic simulation have inherent advan
tages and limitations. Given their complementary characteristics, a 
proper integration of these methods is expected to enable more accurate 
and efficient modeling of both static and dynamic behaviors in systems 
dominated by discontinuous deformation. Accordingly, this study pro
poses a new approach, namely the hybrid Discrete Element Method 
(hDEM), in which either DEM or the impulse-based method is selectively 
applied depending on the characteristics of contact. This paper consists 
of five major sections. The study begins by examining the theoretical 
foundations and key features of both DEM and the impulse-based 
method, described in Section 2. The definition of the proposed hDEM, 
along with the threshold velocity, which plays a central role in its 
framework, are presented in Section 3. Then, the proposed method is 
verified through preliminary numerical simulations conducted on a 
simplified two-block system, as well as a tunnel excavation scenario, 
reported in Section 4. Finally, the conclusion and remarks are described 
in Section 5. Based on these results, the computational efficiency and 
potential applicability of hDEM are evaluated, and directions for future 

research are discussed.

2. Theoretical background

DEM is widely used to analyze the mechanical behavior of discon
tinuous media. In this study, DEM is broadly categorized into the force- 
based method (FBM) and the impulse-based method (IBM), based on 
their physical interpretation of contact interactions; FBM relies on the 
spring-damper model, whereas IBM is based on the impulse-momentum 
principle. This fundamental difference directly influences their numer
ical behavior and applicability, resulting in distinct advantages and 
limitations.

Thus, a comparative analysis of FBM and IBM is presented in this 
chapter, focusing on their differences in contact mechanics, joint 
modeling, and damping strategies. The insight gained from this com
parison provides the theoretical foundation and rationale for the adap
tive contact treatment strategy introduced in the following chapter, 
where the complementary features of the two methods are systemati
cally integrated.

2.1. Force-based method

First proposed by Cundall and Strack (1979), the FBM was originally 
developed to analyze the discontinuous behavior of rock mass (Cundall 
and Strack, 1979). The initial research defined contact only between 
disks, i.e., circular 2D bodies; then, later studies expanded the analysis 
by introducing contact models for polygonal blocks and three- 
dimensional objects (Barbosa-Carrilllo, 1990; Cundall, 1988; Hart 
et al., 1988). While DEM consists of contact management and mechan
ical calculations, this study focuses on the mechanical calculations only, 
which comprise the following three key processes: (1) contact me
chanics, (2) the joint model, and (3) the equation of motion.

2.1.1. Contact mechanics
In DEM, all contacts are considered as a spring model. The reaction 

force (ΔF), generated upon contact point C between two blocks A and B, 
is determined by the product of the joint stiffness (K) and the relative 
displacement (Δurel). The relative displacement over a single time step 
(Δt) is calculated from the relative velocity (u̇rel), and it can be decom
posed into normal and shear components, where ΔuN and ΔuS denotes 
the relative displacement in the normal and shear directions, respec
tively, occurring during a single time step. 

Nomenclature

Symbol Description
F Force
FS Shear force
FN Normal force
Fmax Maximum friction force
Fd Damping force
M Moment
Md Damping moment
K Stiffness
KS Shear stiffness
KN Normal stiffness
t Time
m Mass
I Moment of inertia
mc Collision mass
u Position, Direction
Δu Displacement
Δurel Relative displacement

Cscale Scale factor
u̇ Velocity
ü Acceleration
θ Angular position
θ̇ Angular velocity
θ̈ Angular acceleration
φ Friction angle
c Cohesion
α Damping constant of local damping
R Damping constant (restitution coefficient)
J Impulse
n Unit vector
nN Normal unit vector
nS Shear unit vector
ξg Global damping ratio
ω Natural frequency
E Energy
uS Elastic shear displacement
uN Elastic normal displacement(penetration depth)
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ΔF = K*Δurel (1) 

Δurel = u̇rel*Δt = ΔuN + ΔuS (2) 

u̇rel =

(

u̇B + θ̇B × uB→C

)

−

(

u̇A + θ̇A × uA→C

)

(3) 

u̇A and θ̇A represent the translational and rotational velocities of 
block A, respectively, while uA→C denotes the moment arm from the 
centroid of block A to the contact point C.

The contact force is decomposed into normal (FN) and shear (FS) 
components, considering the contact plane, as expressed in Eqs. (4)-(6). 
n̂N is the normal direction unit vector and n̂S is the shear direction unit 
vector. KN is normal joint stiffness, and KS is shear joint stiffness. Finally, 
the resultant force (FContact) and moment (MContact) can be calculated 
using Eqs. (7) and (8). 

ΔF = (ΔF • n̂N)n̂N + (ΔF • n̂S)n̂S = ΔFN + ΔFS (4) 

FN := FN + ΔFN = FN + (KNΔuN) (5) 

FS := FS + ΔFS = FS + (KSΔuS) (6) 

FContact = FN + FS (7) 

MContact = uA→C × FContact (8) 

2.1.2. Joint model
A Joint model is a key element in DEM for simulating the behavior of 

discontinuities. Discontinuities exhibit complex interactions influenced 
by factors such as nonlinear shear strength, dilation occurring with shear 
displacement, and the effects of infill material and surface roughness. 
These factors play a crucial role in assessing the stability of underground 
structure, such as tunnels.

To capture the nonlinear behavior of joints, various joint models 
have been proposed. Notable research includes a model defining the 
relationship between normal stress and shear strength using friction 
angle and inclination angle (Patton, 1966), and a model incorporating 
JRC and JCS to account for roughness effects (Barton, 1973; Barton and 
Choubey, 1977). Other research has focused on the progressive degra
dation of shear strength due to shear displacement (Ladanyi and Arch
ambault, 1969; Schneider, 1976; Barton, 1982; Plesha, 1987), and the 
influence of field-scale and lab-scale asperities on shear strength (Lee, 
2003).

FBM has the advantage of accurately simulating complex disconti
nuity behavior by applying well-established joint models developed 
through extensive research. In this study, the Coulomb slip joint model, 
the most conventional model, was applied for the purpose of validating 
the new method. The shear component of the contact force, defined in 
Eq. (6), was modified by applying Eqs. (9), (10). 

FS =

⎧
⎪⎪⎨

⎪⎪⎩

Fmax

|FS|
FS , ifFmax < |FS|

FS , ifFmax ≥ |FS|

(9) 

Fmax = |FN|tan(φ) + c (10) 

Fmax is the maximum friction force. φ and c represent the friction 
angle and cohesion of joint surface, respectively.

2.1.3. Equation of motion with mechanical damping
The motion of bodies is defined based on Newton’s second law, 

considering both contact forces and external forces. Acceleration is 
calculated from the body force, contact forces, and moments obtained in 
Eqs. (7)-(8), followed by sequential updates of velocity and displace
ment. To simulate the dissipation of mechanical energy caused by 
various factors and enhance numerical stability, a damping term (Fd: 

damping force, Md: damping moment) is incorporated into the equation 
of motion. In his early DEM research, Cundall proposed viscous damping 
(Cundall and Strack, 1979), but later improved it by proposing local 
damping, as described in Eqs. (11)-(14) (Cundall, 1987; Hart et al., 
1988). While subsequent studies have explored more realistic damping 
models (Tsuji et al., 1992; Thornton, 1997; Stevens and Hrenya, 2005; 
Zhou et al., 2016), this study adopts the local damping approach, which 
is known to provide reliable numerical stability under quasi-static 
conditions. 

u̇(t+Δt/2)
A = u̇(t− Δt/2)

A +
∑

i

(
Fi − (Fd)i

) Δt
mA

(11) 

θ̇
(t+Δt/2)
A = θ̇

(t− Δt/2)
A +

∑

i

(
Mi − (Md)i

)Δt
IA

(12) 

(Fd)i = α
∑⃒

⃒
⃒F(t)

i

⃒
⃒
⃒sgn

(

u̇(t− Δt/2)
A

)

(13) 

(Md)i = α
∑⃒

⃒
⃒M(t)

i

⃒
⃒
⃒sgn

(

θ̇
(t− Δt/2)
A

)

(14) 

u̇ is the transient velocity and θ̇ is the angular velocity. u̇(t− Δt/2)
A and 

θ̇
(t− Δt/2)
A denotes the velocity of block A before contact forces are 

accounted for, while u̇(t+Δt/2)
A and θ̇

(t+Δt/2)
A is the velocity after they are 

applied. mA and IA is mass and moment of inertia of block A, respec
tively. α is damping coefficient for the local damping. sgn(u̇) represents 
the direction vector of u̇.

The magnitude of the damping force is proportional to the net nodal 
force, while its direction is opposite to the velocity. Since the magnitude 
of damping is determined regardless of velocity, a high damping effect 
can be achieved even at low velocities. This characteristic allows for 
stable simulation of static conditions with limited displacement, such as 
in underground spaces.

2.2. Impulse-based method

Impulse-based dynamic simulation was developed in the field of 
computer graphics to simulate rigid body collisions more efficiently and 
rapidly (Baraff, 1989; Hahn, 1988; Mirtich, 1996). Based on these ad
vantages, it has been utilized across various fields beyond computer 
graphics and animation. In geotechnical engineering, it has been 
consistently applied in studies on soil and other granular materials (Lee 
and Hashash, 2015; Izadi and Bezuijen, 2018; Park et al., 2021).

2.2.1. Contact mechanics
IBM considers contact as an instantaneous collision and computes 

the resultant velocity change, whereas FBM assumes continuous contact 
and emphasizes precise modeling of the relationship between contact 
forces and displacement. The impulse (J) is used to determine post- 
impact velocities and defined by Eqs. (15) and (16), which include 
restitution coefficient (R) to account for energy dissipation during 
contact. The velocity changes of bodies due to collision are defined by 
Eqs. (17) and (18). Detailed derivation process can be found in the 
references (Baraff, 1997a, 1997b; Kavan, 2003). 

J = mcΔu̇rel • n̂J = − (R + 1)mcu̇rel • n̂J (15) 

mc=1/
(

1
mA

+
n̂J •((uA→C× n̂J)×uA→C )

IA
+

1
mB

+
n̂J •((uB→C× n̂J)×uB→C )

IB

)

(16) 

u̇+

A = u̇−

A +
Jn̂J

mA
(17) 
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θ̇
+

A = θ̇
−

A + J
uA→C × n̂J

mA
(18) 

mc in Eq. (15) represents the collision mass, which is defined as in Eq. 
(16). u̇rel denotes the relative velocity at the contact point ‘C’ just before 
impact. n̂J is the direction vector of the impulse. u̇−

A and θ̇
−

A are the ve
locities of block ‘A’ before contact, and u̇+

A and θ̇
+

A are the velocities after 
contact.

As can be seen in Eqs. (15) and (16), the impulse is determined by the 
mass of bodies and their relative velocity at the contact point. In contrast 
to FBM, which relies on penetration depth, IBM is less sensitive to 
timestep size, improving numerical stability in simulations. However, 
the lack of consideration for penetration depth implies that any pene
tration errors that arise cannot be inherently corrected. To mitigate this 
issue, supplementary techniques, such as the position correction tech
nique (Catto and Park, 2005; Catto, 2009; Lee and Hashash, 2015), 
which modifies velocity or displacement to eliminate normal overlap 
(uN), must be employed, as outlined in Eq. (19). 

Δu̇A =
uN

Δt
n̂N (19) 

2.2.2. Joint model
IBM accounts for instantaneous velocity changes during collision 

events. This characteristic is also reflected in the joint model, which 
focuses on calculating immediate motion changes by collisions rather 
than simulating the detailed nonlinear behavior at contact. Conse
quently, numerous studies have adopted a simplified approach that re
lies solely on normal stress and friction angle (Lee and Hashash, 2015; 
Izadi and Bezuijen, 2018; Li et al., 2021; Tan et al., 2024). In this study, 
Eq. (9) was employed instead of simplified form as the joint model 
within the IBM framework.

2.2.3. Equation of motion with mechanical damping
The global damping applied in IBM is defined by Eqs. (20)-(22) (Lee 

and Hashash, 2015). This method determines the damping magnitude in 
proportion to the velocity of the body, effectively controlling excessive 
velocity and facilitating the gradual convergence to a stationary state. 

u̇ := u̇(1 − αdΔt) (20) 

θ̇ := θ̇(1 − αdΔt) (21) 

αd = 2ξgωavg (22) 

αd is viscous global damping factors, ξg is the global damping ratio 
and ωavg is the average natural frequency of the system.

2.3. Theoretical insights into FBM and IBM

Both FBM and IBM are grounded in distinct physical principles, 
ensuring their theoretical validity. FBM models rigid body behavior 
based on spring-damper model, whereas IBM relies on the impulse- 
momentum theorem. These two approaches have evolved in distinct 
fields with unique objectives, which have led to fundamental differences 
in their treatment of contact mechanics, damping mechanisms, and 
strategies for numerical stability. These differences directly influence 
the scope of application and result in variations in their suitability for 
specific engineering problems.

FBM employs a spring-damper model to define contact mechanics, 
allowing for a certain degree of penetration. This approach provides a 
technical foundation for detailed simulation of the complex interactions 
between rock blocks. However, simulations relying on time discretiza
tion can induce unrealistic penetration depth, posing a potential risk of 
numerical instability (Mirtich, 1996). Thus, an extremely small timestep 
is required to ensure numerical stability, which consequently increases 
computational costs.

IBM defines contact using the concept of impulse which is calculated 
based on the masses, moment of inertia, and pre-collision velocity of the 
two colliding bodies. This approach offers a significant computational 
advantage, as post-collision velocities can be determined within a single 
cycle calculation. Furthermore, since impulse calculation does not 
incorporate penetration depth, IBM is relatively less sensitive to the 
degree of overlap between bodies. As a result, it ensures numerical 
stability by maintaining consistency in the results even when relatively 
large timesteps are used.

One of the primary challenges associated with IBM lies in the accu
rate modeling of static equilibrium (Tan et al., 2024). By treating all 
contacts as instantaneous collisions resolved within a single timestep, 
IBM represents even persistent contact states as a sequence of discrete, 
impulsive events. While this enables efficient simulation of dynamic 
interactions, it may reduce the capability of the method to simulate 
gradual force evolution, such as elastic shear deformation, dilation, and 
progressive mobilization of normal and shear resistance, which are 
critical features of quasi-static contacts along discontinuities. Addi
tionally, this study notes with concern that under constrained condi
tions, the position correction technique used to compensate for 
penetration errors may distort the stress equilibrium between bodies or 
induce unintended movement in constrained bodies by adjusting 
displacement or velocity. As a result, IBM has inherent limitations in 
accurately capturing contact behavior in statically constrained condi
tions, such as in high-stress underground rock masses.

To summarize, FBM excels in accurately modeling contact under 
static equilibrium and quasi-static conditions, whereas IBM is highly 
efficient in simulating high-speed impact. However, real-world engi
neering problems often involve complex load interactions rather than 
being purely static or dynamic. Therefore, distinguishing contact types 
and selectively applying FBM or IBM accordingly can offer notable 
benefits in analyzing complex geotechnical systems exhibiting diverse 
contact behaviors.

3. Hybrid DEM

This study introduces a Hybrid Discrete Element Method (hDEM) 
that integrates the advantages of the Force-based Method (FBM) and the 
Impulse-based Method (IBM). The fundamental concept of hDEM is to 
classify contact states and selectively apply the most suitable method for 
each state. To achieve this, hDEM incorporates three key procedures: (1) 
Contact classification, in which the contact state is classified to deter
mine whether IBM or FBM should be applied; (2) Impulse conversion, 
where the impulse calculated via IBM is converted into an equivalent 
contact force for compatibility with FBM; and (3) Conditional damping, 
in which damping schemes are applied according to the classified con
tact state.

As a preliminary study intended to validate the conceptual feasibility 
of hDEM, the analysis is limited to two-dimensional problems, with the 
discrete bodies modeled as polygonal blocks to represent the rock 
medium.

3.1. Threshold velocity (u̇th) and contact classification

In previous impulse-based dynamic simulations, as implemented in 
IBM, velocity-based contact classification has been commonly adopted 
to distinguish between resting and dynamic contacts (Baraff, 1997a; 
Kavan, 2003; Lee and Hashash, 2015). In these approaches, contact is 
typically considered dynamic when the relative velocity (u̇rel) exceeds a 
small numerical tolerance (ε), and resting otherwise. 
⃒
⃒
⃒
⃒u̇rel

⃒
⃒
⃒
⃒ > ε (23) 

Based on this approach, the present study introduces a threshold 
velocity (u̇th) as a physically interpretable criterion for contact 
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classification, serving as an alternative to conventional numerical tol
erances, thereby determining whether FBM or IBM should be applied to 
a given contact. 
⃒
⃒
⃒
⃒u̇rel

⃒
⃒
⃒
⃒ > u̇th (24) 

Fig. 1 schematically illustrates how the threshold velocity is applied 
for contact classification. If the relative velocity at a contact is lower 
than the threshold velocity, the contact is classified as continuous con
tact (low-velocity), and FBM is applied for contact calculation (FB- 
hDEM). Conversely, if the relative velocity exceeds this threshold, the 
contact is categorized as an instantaneous collision (high-velocity), and 
IBM is used (IB-hDEM).

The threshold velocity is defined as the maximum relative velocity 
that can occur during static contact due to gravitational acceleration and 
the release of stored elastic energy. This definition is based on the 
assumption that block motion is governed solely by gravity and contact 
forces, which are the only sources of velocity change in mechanical DEM 
simulations.

The elastic component of threshold velocity is derived by assuming 
an idealized case in which the stored elastic energy in a compressed 
contact spring is fully converted into kinetic energy. Without accounting 
for energy loss due to damping, the resulting velocity can be interpreted 
as the upper bound for static contact behavior. By combining this elastic 
upper bound with the gravitational component, which accounts for the 
constant velocity increment caused by gravity regardless of the contact 
regime, the threshold velocity provides a conservative criterion for 
identifying dynamic-dominant contacts.

According to the above definition, the threshold velocity (u̇th) can be 
expressed as a function of the gravity-induced velocity (u̇gravity), the 
contact spring-induced velocity (u̇elastic), and a scaling factor (Cscale) for 

numerical stability, as shown in Eq. (25). In this formulation, u̇gravity 

denotes the velocity change per unit timestep (Δt) due to gravitational 
acceleration (üg), as given in Eq. (26), and u̇elastic represents the 
maximum velocity attainable from full conversion of stored elastic en
ergy into kinetic energy, as in Eq. (27). A detailed derivation of u̇elastic is 
provided in appendix A. 

u̇th = Cscale*
(

u̇gravity + u̇elastic

)

(25) 

u̇gravity = Δt
⃒
⃒
⃒
⃒üg

⃒
⃒
⃒
⃒ (26) 

u̇elastic =

⃒̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
⃒
⃒
⃒
⃒

KN|uN|
2

mc,N

⃒
⃒
⃒
⃒
⃒
+

⃒
⃒
⃒
⃒
⃒

KS|uS|
2

mc,S

⃒
⃒
⃒
⃒
⃒

√
√
√
√ (27) 

In Eq. (27), uN represents the penetration depth in the normal di
rection of the contact surface, while uS denotes the elastic deformation 
in the shear direction. The second term on the right-hand side of Eq. (27) 
corresponds to the elastic energy stored due to shear displacement, and 
|uS| must not exceed Fmax/KS, where Fmax is the maximum shear friction 
force and KS is the shear stiffness. mc,N and mc,S are the collision mass in 
the normal and shear directions, respectively.

The scale constant (Cscale) is introduced to ensure numerical stability 
during the initial phase of the simulation, particularly in layered block 
structures. In such configurations, blocks settle sequentially from the 
bottom layer upward. During this process, the upper-layer blocks 
experience slightly longer fall distances, leading to higher initial ve
locities, which may inadvertently trigger the transition to IB-hDEM. As 
these unintended transitions can reduce computational efficiency, the 
scale constant, defined as the model-to-block dimension ratio, is intro
duced as a stabilization coefficient, as presented in Eq. (28). 

Cscale =
Widthmodel

Widthblock

Heightmodel

Heightblock
(28) 

All components of the threshold velocity (u̇th) can be obtained with 
minimal computational effort. Cscale is an invariant and can be computed 
during the preprocessing stage. u̇gravity also remains constant for a fixed 
timestep. The terms |uN|, |uS|, and mc are inherently computed during 
the contact force calculation, meaning that the computing u̇elastic does not 
incur significant additional costs. Consequently, the overall overhead 
associated with determining the threshold velocity is minimal and does 
not impose a substantial burden on simulation performance.

3.2. Impulse to force conversion

Contacts in IB-hDEM are treated as instantaneous collisions within a 
single timestep. Accordingly, the resulting impulse can be converted 
into an equivalent average force (FJ) and acceleration (üj) as in Eq. (29) 
and (30). 

J = FJΔt = müjΔt (29) 

üj =
J

mΔt
(30) 

The appropriate timestep selection is crucial for accurately capturing 
the dynamic behavior of the system. In this study, the time interval is 
determined based on the system’s natural frequency (ωmax), as expressed 
in Eq. (31), suggested by Cundall (Cundall and Strack, 1979). A FRAC 
value was set to 0.1. However, in the numerical examples presented in 
the following chapter, a simplified value close to that calculated by Eq. 
(32) was adopted for convenience in verification. 

Δt ≤ Δtcr =
2

ωmax
= 2

̅̅̅̅̅̅̅̅̅
mmin

Kn

√

(31) 

Fig. 1. Contact classification using threshold velocity (u̇th).
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Δt = FRAC • 2
̅̅̅̅̅̅̅̅̅̅̅̅
mmin

2Kmax

√

(32) 

mmin is the smallest block mass in the system. Kmax is the largest 
normal or shear joint stiffness.

3.3. Conditional damping

A unified damping strategy is required to effectively attenuate both 
FBM and IBM computations. Accordingly, hDEM adopts a conditional 
damping scheme in which different damping methods are applied 
depending on the contact state of each block: (1) For blocks with one or 
more IBM-based contact (i.e., high-velocity), velocity-based damping 
(Eqs. (10)–(13)) is applied; (2) For blocks with only FBM-based contacts, 
force-based damping (Eqs. (20)–(22)) is applied; and (3) For free-falling 
blocks without any contact, no damping is applied. This strategy ensures 
that the most suitable damping is applied depending on the physical 
state, thereby enhancing numerical stability during transitions between 
the two calculation schemes.

3.4. Conceptual overview of the proposed hDEM

The proposed hDEM is designed to improve numerical efficiency and 
accuracy by selectively applying contact-specific computational 
schemes. IB-hDEM addresses high-velocity collisions through efficient 
impulse-based treatment, whereas FB-hDEM captures quasi-static con
tact behavior in detail using force-based calculations. The conditional 
damping strategy further enables appropriate energy dissipation based 
on the contact states of individual blocks, contributing to a more stable 
representation of system behavior. Overall, this framework offers a 
unified modeling approach for systems involving both static and dy
namic contact interactions.

4. Numerical experiment

A series of numerical simulations was conducted to verify the nu
merical performance of hDEM and assess its applicability to practical 
geotechnical problems. The validation strategy followed a systematic 
progression: (1) static contact verification to examine quasi-static 
behavior, (2) dynamic contact verification for high-velocity impacts, 
(3) energy continuity analysis during regime transitions, and (4) tunnel 
excavation simulation for practical geotechnical applications. This 
approach was designed to evaluate the fundamental mechanisms of 
hDEM and demonstrate its applicability for discontinuous rock mass 
modeling, the target geotechnical domain, with emphasis on accurate 
contact treatment under varying mechanical conditions. The 

performance of hDEM was evaluated by comparison with FBM and IBM 
applied independently under identical conditions.

As mentioned earlier, all simulations were two-dimensional with 
polygonal blocks, and all methods (hDEM, FBM, and IBM) were imple
mented using C++ code developed by the author.

4.1. Static condition test

To verify the implementation of vertical and shear contact forces 
under static equilibrium, a simple system was modeled, in which a single 
block was placed on a ground block, as shown in Fig. 2. All material 
properties, including block density, joint normal stiffness, shear stiff
ness, friction angle, and cohesion, were defined in Table 1. For 
simplicity, the upper block (Block 1) was modeled as a 1 m by 1 m 
square, and the ground block was fixed by applying displacement con
straints. The timestep (Δtcr) calculated using Eq. (32) was 8.78 × 10-5 

sec. However, as mentioned earlier, a simplified value of 5.0 × 10-5 sec 
was applied for convenience in this verification example.

Gravity continuously acts as a body force, and after 5,000 cycle, an 
additional body force equivalent to an acceleration of 9.4 m/s2 in the 
positive x-direction was applied. To ensure that contact was fully 
maintained, only the translational velocity component was considered, 
excluding rotational effects. This approach was adopted to verify pure 
shear contact behavior without the influence of moment-induced rota
tions. By constraining rotational motion, the resultant shear force 
directly corresponded to the applied body force, preventing unnecessary 
variations due to moment effects.

Until cycle 5000, the contact force between the two blocks corre
sponds to the self-weight of Block 1, which is theoretically 26,487 N. The 
contact impulse, obtained by multiplying the contact force by the 
timestep, is calculated as 1.32435 N • s.

The results of all three methods converged to the theoretical value 
(Fig. 3). Applying FBM only, relatively large contact normal forces 
occurred initially, followed by gradual convergence to the theoretical 

Fig. 2. Model description for static contact.

Table 1 
Model properties for static test.

Properties Unit Value

Density Kg/m3 2,700
Joint normal stiffness Pa/m 7 × 109

Joint shear stiffness Pa/m 5 × 108

Friction angle ◦ 30
Cohesion Pa 1 × 104

Damping coefficient R − 0.1
α − 0.8
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value over approximately 300 cycles (Fig. 3-a). The hDEM showed a 
similar behavior to FBM (Fig. 3-c), as the initial velocity was zero and 
contact with the ground block generated immediately, keeping the ve
locity of Block 1 close to zero. As a result, the contact was classified as 
low-velocity, and force-based contact calculations (FB-hDEM) were 
applied within the hDEM framework. In contrast, the IBM-only simu
lation reached the theoretical value within 10 cycles, showing a signif
icantly faster convergence rate than the other two methods (Fig. 3-b). 
These results clearly highlight the difference in how FBM and IBM 
simulate contact behavior: FBM models contact using a spring-based 
approach, where contact forces gradually accumulate to reach equilib
rium, whereas IBM directly computes and applies the impulse corre
sponding to the relative velocity at each timestep.

After cycle 5000, a body force is applied in the shear direction in 
addition to gravity. Theoretically, the corresponding contact force is 
25,380 N, and the resulting contact impulse is 1.269 N • s. However, 
since the applied force exceeds the maximum frictional resistance, the 
Coulomb friction model governs the response, producing 25,292.3  N of 
friction force and 1.2646 N • s of impulse, which corresponds to a 
relative displacement of 5.06 × 10-2 mm required to fully mobilize the 
frictional resistance at the contact interface.

The analysis results showed that all three methods converged to the 
same analytical value, with convergence patterns similar to those 
observed in the normal component. In the case of FBM, the shear force 
gradually increased over approximately 200 cycles and then remained 
constant after reaching the maximum shear friction (Fig. 4-a). A similar 
trend was observed in hDEM (Fig. 4-c), where the contact was classified 
as low-velocity due to negligible change in velocity, confirming that FB- 
hDEM was applied. In contrast, IBM produced shear impulse corre
sponding to the maximum shear friction within 2–3 cycles (Fig. 4-b).

Table 2 summarizes the convergence cycle of each method and the 
relative error (∊R) between the analytical and simulation results at that 
point. In Eq. (33), x is exact value and x̂ is approximated value. Since the 
test condition is dominated by static contact behavior, the error was 
calculated based on the contact force, and the convergence was defined 
when the relative error fell below 5 × 10-6. All methods successfully 

satisfied the convergence criterion in both normal and shear contact 
forces. However, differences were observed in the number of cycles 
required to reach convergence. In the normal contact test, FBM and 
hDEM required approximately 400 cycles to converge, whereas IBM 
achieved convergence in only 16 cycles. A similar trend was observed in 
the shear contact test, where FBM and hDEM converged in 161 cycles, 
while IBM required only 3 cycles. 

∊R =

⃒
⃒
⃒
x − x̂

x

⃒
⃒
⃒ (33) 

The difference in convergence cycle between methods also leads to 
discrepancies in shear displacement. In FBM and FB-hDEM, the shear 
contact force increases gradually, resulting in a corresponding elastic 
shear displacement (Fig. 5-a, c). In contrast, IBM immediately applies 
the maximum shear impulse, causing plastic behavior without an elastic 
phase (Fig. 5-b). These results suggest that IBM is highly efficient in 
reaching the convergence state, but at the same time less suitable for 
capturing the detailed joint behavior typically represented by widely 
used joint models in rock engineering.

4.2. Dynamic condition test

The contact response under dynamic impact condition was verified 
through a free-fall simulation of a block positioned 1 m above the 

Fig. 3. Normal component of contact force and impulse.

Fig. 4. Shear component of contact force and impulse.

Table 2 
Convergence cycle and relative error of contact force between the analytical 
solution and simulation results.

Quantity Error 
type

FBM IBM hDEM

Error 
(%)

Cycle Error 
(%)

Cycle Error 
(%)

Cycle

FN Relative 
error

4.05 
× 10-4

397 9.58 
× 10-5

16 4.05 
× 10-4

396

FS 5.34 
× 10-5

5,161 
(161)

4.03 
× 10-4

5,003 
(3)

5.69 
× 10-5

5,161 
(161)
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ground, as illustrated in Fig. 6. The geometry and material properties of 
block and timestep were kept consistent with those used in the static 
condition tests (Table 3), except for the damping coefficient (R, α). In 
addition, damping was applied only during contact to more clearly 
assess energy conservation in contact calculations; the damping method 
used during contact was consistent with the formulation defined in each 
approach.

The results of hDEM and IBM showed identical behavior to the 
theoretical values, and FBM also produced comparable results by 
adjusting the damping coefficient (α) (Fig. 7.). In all three methods, 
initial contact occurred at approximately 0.45 sec after the free fall 
(around cycle 9,000), confirming that the damping coefficients (R) and 
post-collision velocities were consistent (Fig. 7-a, b, c). Since damping 
was not applied during the falling, energy conservation was maintained 
during this phase (Fig. 7-d, e, f). Upon collision, kinetic energy 
decreased in proportion to the square of the damping coefficient, 
demonstrating that the energy dissipation behavior reflected the ex
pected damping characteristics.

Although the difference in velocity and energy responses (Fig. 7) 
may seem subtle, notable discrepancies exist in terms of numerical 
stability. The stability of each method was evaluated by applying 

various timestep sizes (Fig. 8). For FBM, the velocity response was 
increasingly overestimated with a larger timestep, and stable results 
could only be obtained when a sufficiently small timestep was used. 
Especially when block velocities are high, insufficient time resolution 
can lead to excessive penetration, making FBM sensitive to the trade-off 
between accuracy and efficiency. In contrast, IBM does not directly rely 
on penetration depth in its impulse calculation, allowing it to remain 
stable even at large timesteps. As a result, IBM is more effective for 
handling high-speed impact problems. Meanwhile, hDEM exhibits in
termediate characteristics between FBM and IBM. While it cannot 
accommodate arbitrarily large timesteps like IBM, it achieves stable 
results with relatively larger timesteps than FBM, offering a good bal
ance between computational efficiency and numerical accuracy.

Table 4 presents the mean absolute error (MAE) between the 
analytical solution and the simulation results for different timestep size, 
calculated over cycle 1 to 30,000, corresponding to a simulation time of 
0 to 1.5 sec. In Eq. (34), x is exact value, x̂ is approximated value, and n 
is the sample size. Since this case involves dynamic contact behavior 
with varying velocities, the error was evaluated based on the velocity 
response rather than the contact force to appropriately reflect the 
characteristics of the simulation scenario. At the smallest timestep of 5 
× 10-5 sec, the MAE of FBM reached 0.045 m/s, while hDEM and IBM 
exhibited much smaller errors of 0.003 m/s and 0.002 m/s, respectively. 
This trend was consistently observed across all timestep sizes. As the 
timestep increased, all methods showed a tendency for the error to in
crease; however, the increasing rate of error was the smallest in hDEM, 
with the error growing by 9.79 times as the timestep increased tenfold. 

MAE =

∑
|x − x̂|
n

(34) 

4.3. Energy continuity analysis for contact regime transitions

To comprehensively evaluate the energy continuity during contact 
regime transitions, we conducted a systematic analysis of transition 
behaviors. in both normal and shear directions for the two possible 
scenarios: static-to-dynamic and dynamic-to-static transitions.

Dynamic-to-static transitions in the normal direction were examined 
based on the test in Section 4.2. Initially, high contact velocities trig
gered IB-hDEM calculations, which gradually decreased with oscilla
tions as the contact converged near the block boundaries. When 
velocities sufficiently decreased to transition to FB-hDEM, no energy 
discontinuity was observed. The reverse transition (static-to-dynamic in 
the normal direction) was not specifically tested, as such conditions 
would require instantaneous application of extremely large external 
forces, inherently involving large discontinuous energy changes.

To examine shear direction transitions, the transition behavior was 
analyzed from the static contact test described in Section 4.1, which 
minimizes normal component influences by maintaining constant 
normal overlap throughout the test, ensuring that transition behaviors 
are primarily governed by shear effects. After reaching the maximum 

Fig. 5. Shear friction-displacement relationship.

Fig. 6. Model description for dynamic contact.

Table 3 
Model properties for dynamic test.

Properties Unit Value

Density Kg/m3 2,700
Joint normal stiffness Pa/m 7 × 109

Joint shear stiffness Pa/m 5 × 108

Friction angle ◦ 15
Cohesion Pa 1e4
Damping coefficient R − 0.5

α − 0.6
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Fig. 7. Velocity and energy of block 1.

Fig. 8. Comparison of velocity damping during contact under different..Δt
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friction force, the body force acting in the shear direction exceeds the 
maximum friction force, causing the velocity of Block 1 to gradually 
increase and eventually surpass the threshold velocity. At this point, 
hDEM internally switches from FB-hDEM to IB-hDEM. After maintaining 
this dynamic state for approximately 200 cycles, the shear force was 
gradually reduced, which caused the velocity of Block 1 to gradually 
decrease and fall below the threshold velocity. At this point, hDEM 
switches from IB-hDEM back to FB-hDEM.

To examine whether energy is conserved during this static-to- 
dynamic transition, the kinetic energy curve of Block 1 was analyzed, 
revealing a deviation of approximately 0.038 J (2.7 %) around the 
transition point at cycle 75,300 in Fig. 9. The discrepancy in kinetic 
energy is attributed to a temporal force gap that occurs during the 
transition. In the current implementation, the contact force is immedi
ately removed when switching from FB-hDEM to IB-hDEM, whereas the 
corresponding impulse takes 1–2 cycles to be generated. This transient 
absence of contact response leads to a momentary increase in velocity, 
resulting in the observed 2.7 % deviation in kinetic energy.

Dynamic-to-static transitions in the shear direction showed no en
ergy discontinuity, as the gradual velocity reduction allows for smooth 
transition without force gaps.

While the current implementation shows energy discontinuity only 
in static-to-dynamic shear transitions, this issue will be addressed in 
future research through a “soft transition” technique. This approach will 
gradually reduce the contact force over 2–3 cycles rather than removing 
it instantaneously, thereby improving energy conservation during con
tact mode transitions. The soft transition will be applied specifically 
when static contact has persisted for more than 100 cycles before 
transitioning to dynamic conditions, ensuring that the technique targets 
the problematic transition scenario while maintaining computational 
efficiency.

4.4. Tunnel excavation

A numerical simulation was conducted to evaluate the applicability 
of hDEM for tunnel excavation in jointed rock masses. Although tunnel 
excavation is typically considered a quasi-static problem, it may involve 
localized dynamic behavior if collapse occurs along vulnerable joint 
surfaces. In this context, the tunnel excavation scenario was selected as 
an appropriate case study to verify the applicability of hDEM under 
conditions dominated by quasi-static contacts. Given the nature of this 
problem, most contacts remained within the quasi-static regime, and 
hDEM predominantly operated in the FB-hDEM. Accordingly, FBM was 
selected as the reference method for evaluating mechanical fidelity, as it 
is conventionally used for problems involving frictional and statically 
constrained contacts. In contrast, IBM was excluded from this analysis. 
Its limitations in modeling elastic shear displacement and progressive 
mobilization of shear resistance, key behaviors in jointed rock masses, 
have already been demonstrated in Section 4.1. Therefore, further 
comparison with IBM was deemed unnecessary for the intended purpose 
of this simulation.

The analysis model consisted of a horseshoe-shaped tunnel with a 
width of 9 m and a height of 8 m, as shown in Fig. 10. The surrounding 
rock mass was modeled as a jointed rock with three joint sets, each 
having a 2◦ random deviation. The friction angle and cohesion of the 
joints were reduced to simulate ground condition susceptible to local 
collapse, as shown in Table 5. The timestep calculated using Eq. (32) was 
5.29 × 10-5sec. However, as mentioned earlier, a simplified value of 5 ×
10-5sec was applied for convenience in the verification examples. 
Consistent with the dynamic test previously described, damping was not 
applied when blocks were in free fall without contact; however, damp
ing was applied during contact according to the defined scheme for each 
method. To simulate the excavation process, the central tunnel block 
was retained until cycle 5,000 to establish the initial ground condition 
and then removed at cycle 5,000. The convergence criterion was defined 
as the total kinetic energy when the average velocity of all blocks 
reached 5 × 10-4 m/s, corresponding to a kinetic energy of 0.377 J.

The results showed that, in both methods, six blocks located at the 
upper-left side of the tunnel detached and fell, indicating similar overall 
displacement patterns (Fig. 11a, b) measured over the post-excavation 
convergence period. For a more detailed comparison, the displace
ments were decomposed into x- and y-directional components (Fig. 11
c–f). Fig. 11-(c) and 11-(d) show the y-direction displacements for FBM 
and hDEM, respectively. In these figures, red indicates displacement in 
the positive y-direction, and blue in the negative y-direction. As 
commonly observed in similar cases, downward displacements occurred 
at the tunnel roof and upward displacements at the invert, with both 
methods showing consistent deformation trends, in agreement with the 
total displacement results.

Figs. 11-(e) and 11-(f) display the x-direction displacements for each 
method, further confirming the overall similarity. However, localized 
differences of approximately 0.1–0.2 mm were observed in some regions 
of side wall, appearing slightly larger in the hDEM results. These dif
ferences are attributed to the transition from FB-hDEM to IB-hDEM 
during the detachment process of the six upper-right blocks. As the 
falling velocity gradually increases in hDEM, the contact calculation 
scheme between the falling blocks and adjacent blocks shifts from FB- 
hDEM to IB-hDEM. Consequently, these contacts disappear within 
fewer computational cycles, leading to a slight increase in displacement 
immediately after detachment due to the earlier loss of interaction.

Fig. 12. Compares the contact stresses acting on block interfaces 
along the tunnel excavation boundary. Six radial profiles were arranged 
around the boundary, and the contact stresses within 8–10 m along each 
profile were plotted. The plotted values represent the magnitudes of the 
stress traction vectors, defined as the vector sum of the normal and shear 
components of contact stress. Both FBM and hDEM results exhibited 
similar stress distribution, which was consistent with typical rock mass 
behavior observed in continuum analysis: High contact stresses were 

Table 4 
MAE between the analytical solution and simulation results with varying 
timestep.

Quantity Timestep 
(sec)

Error 
type

Error (Increasing rate from 5e-5 sec)

FBM IBM hDEM

Velocity 
(m/s)

5 × 10-5 MAE 4.52 × 10-2 2.24 × 10-3 3.41 × 10-3

1 × 10-4 4.20 × 10-2 

(×0.93)
5.30 × 10-3 

(×2.37)
7.11 × 10-3 

(×2.09)
3 × 10-4 3.41 × 10-1 

(×7.54)
1.60 × 10-2 

(×7.14)
2.10 × 10-2 

(×6.16)
5 × 10-4 5.94 × 10-1 

(×13.1)
2.51 × 10-2 

(×11.2)
3.34 × 10-2 

(×9.79)

Fig. 9. Kinetic energy at the transition point between force-based and impulse- 
based contact calculation.
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observed near the excavation boundary, gradually converging to a 
relatively constant value with increasing distance, and greater stresses 
were observed in profiles located at deeper positions (i.e., Profiles 3, 4, 
and 6) compared to shallower profiles (i.e., Profiles 1, 2, and 5). The 
similarity between FBM and hDEM results indicates that the contact- 
adaptive calculation scheme in hDEM does not significantly affect the 
overall accuracy of the results.

In contrast, significant differences were observed between the two 
methods in terms of energy dissipation and convergence behavior. 
Fig. 13 presents the history of total kinetic energy for the entire block 
system. In the case of FBM, the kinetic energy decreased gradually with 
large oscillations following the initial contact with the tunnel invert at 
cycle 28,017 and reached convergence at cycle 99,502. In comparison, 
hDEM showed a rapid drop in energy after the initial collision at cycle 
27,507, reaching convergence much earlier at cycle 37,709 and main
taining a stable low-energy state thereafter.

Table 6 summarizes the key results of the tunnel excavation analysis. 
The average kinetic energy, average displacement, and maximum 
displacement were calculated for the blocks adjacent to the excavation 
surface (i.e. blocks 1–19 as shown in Fig. 12-a), providing an assessment 
of local response. hDEM converged 65.4 % faster than fDEM, reducing 
the required number of cycle from 94,502 to 32,709. Despite this sig
nificant reduction, the differences in average displacement (0.06 mm) 
and maximum displacement (0.01 mm) remained minimal. The contact 
stress distributions were also highly consistent, as previously shown in 
Fig. 12. This demonstrates that hDEM, by combining the dynamic 
responsiveness of IBM with the static stability of FBM, can achieve re
sults comparable to fDEM in terms of block behavior while substantially 
reducing computational cost.

4.5. Discussion

This chapter presented a systematic validation of hDEM through four 
complementary test cases, each designed to evaluate distinct aspects of 
the proposed framework. The validation strategy progressed from 
fundamental verification of individual contact regimes to practical 
demonstration in a geotechnically relevant application.

The static and dynamic contact tests (Sections 4.1 and 4.2) confirmed 
that hDEM correctly applies FB-hDEM and IB-hDEM based on the 
threshold velocity criterion, producing results identical to conventional 
methods under pure static or dynamic conditions. These tests validated 
the fundamental switching mechanism and demonstrated that the 
threshold-based classification operates as intended.

The energy continuity analysis (Section 4.3) revealed that regime 
transitions are generally stable, with only minor energy discontinuities 
(2.7 %) observed during static-to-dynamic shear transitions. This 
discontinuity arises from a temporal gap between contact force removal 
in FB-hDEM and impulse generation in IB-hDEM. To address this limi
tation, future implementations will incorporate a soft transition tech
nique that gradually attenuates contact forces over 2–3 cycles rather 
than removing them instantaneously, thereby improving energy con
servation during regime switching.

The tunnel excavation simulation (Section 4.4) demonstrated 
hDEM’s primary advantage: significantly improved computational effi
ciency while maintaining mechanical accuracy. The 65.4 % reduction in 
convergence cycles represents a substantial performance gain that 
directly translates to practical benefits in large-scale geotechnical sim
ulations. This improvement stems from hDEM’s ability to eliminate 
prolonged oscillations during dynamic events (such as block detach
ment) while preserving the detailed mechanical behavior essential for 
quasi-static analysis. Applying IB-hDEM to dynamic events prevents the 
prolonged oscillations that characterize conventional FBM simulations 
under impact conditions, exemplifying the core strength of the hybrid 
approach.

The results of these foundational validation tests demonstrate that 
hDEM successfully integrates the computational efficiency of IBM with 
the mechanical fidelity of FBM, offering a unified framework particu
larly valuable for problems involving mixed contact regimes. The cur
rent study establishes both the conceptual validity and methodological 
feasibility of the hybrid approach, providing a solid foundation for 
future extensions to more complex and dynamic scenarios.

Fig. 10. Jointed rock mass model for tunnel excavation test.

Table 5 
Model properties for tunnel excavation.

Properties Unit Value

Density Kg/m3 2,700
Joint normal stiffness Pa/m 7 × 109

Joint shear stiffness Pa/m 5 × 108

Friction angle ◦ 15
Cohesion Pa 1,000
Damping coefficient R − 0.1

α − 0.8
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5. Summary and conclusions

In this study, a Hybrid Discrete Element Method (hDEM) was pro
posed to address the challenges of conventional DEM approaches and to 
enable more accurate and robust analysis under complex contact con
ditions. hDEM selectively applies the Force-Based Method (FBM) to 
quasi-static contacts and the Impulse-Based Method (IBM) to dynamic 
contacts, depending on the relative contact velocity. This framework 
allows hDEM to integrate the advantages of both methods while 
compensating for their respective limitations. To verify the numerical 
performance of hDEM and evaluate its applicability to geotechnical 
problems, a series of preliminary numerical simulations was performed, 
including static and dynamic cases, as well as a tunnel excavation 

scenario. Based on the numerical simulations, the key features and ad
vantages of hDEM were demonstrated, and its numerical stability, 
computational efficiency, and potential directions for future research 
are discussed below. 

• hDEM, which classifies contact types based on a threshold velocity, 
successfully reproduced the results of FBM and IBM under static and 
dynamic conditions, respectively, showing exact agreement with 
theoretical values. This capability is particularly beneficial in sce
narios where static and dynamic contacts coexist, as demonstrated in 
the tunnel excavation analysis. In the conventional FBM, the 
continuous representation of contact using a spring-damper model 
often results in prolonged vibrations under high-impact conditions, 

Fig. 11. Displacement and stress distribution using FBM and hDEM.
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leading to increased computational costs. In contrast, hDEM ach
ieved comparable results more efficiently and stably by switching to 
impulse-based calculations when dynamic contacts were detected. 
This enables more efficient numerical analysis and offers practical 
benefits for geotechnical engineering applications.

• In several static and dynamic test cases, hDEM yielded results iden
tical to those of FBM and IBM. This indicates that the contact clas
sification algorithm based on threshold velocity operated as 
intended. Under simplified conditions, such as those used in the tests, 
hDEM consistently applies a single contact calculation method, 
depending on the contact type. Consequently, the results naturally 
align with those of the corresponding conventional method. These 
findings validate that the internal switching mechanism within 
hDEM functioned correctly and that the computational schemes were 
applied as designed.

• The internal transition between FB-hDEM and IB-hDEM was gener
ally stable. However, a slight discontinuity in energy was observed 

during the switching process. This was attributed to a brief gap in 
contact reaction that emerged between the removal of contact force 
in FB-hDEM and the subsequent generation of impulse in IB-hDEM. 
To mitigate this issue, future research should explore methods to 
improve the continuity of the contact response across the transition. 
Such approaches are expected to ensure a more continuous and 
physically consistent energy response during contact regime 
switching.

• The threshold velocity proposed in this study was defined based on 
the maximum velocity that can occur under static contact conditions, 
and its performance was initially verified through a series of nu
merical simulations. The proposed approach yielded promising re
sults under the tested conditions, but the current validation is limited 
to a small number of simplified cases. Therefore, further validation 
through numerical simulations under more diverse and realistic 
contact scenarios is planned to enhance the general applicability of 
hDEM. This includes scenario expansion to problems where dynamic 

Fig. 12. Comparison of contact stresses along radial profiles from the tunnel excavation boundary.
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effects are more dominant, such as impact loading, blast-induced 
ground motion, and progressive failure in jointed rock masses, as 
well as validation through field or experimental data comparisons.

• hDEM was developed in the context of two-dimensional mechanical 
problems, confirming its conceptual feasibility and applicability. On 
this basis, future work will aim to extend the method to more com
plex physical environments, including extension to the three- 
dimensional analysis, where element geometries become more 
complex and the number of contact events increases significantly, as 
well as the incorporation of hydro-mechanical (HM) coupling to 
account for pore water pressure, which plays a critical role in the 
stability of underground spaces. Through these extensions and 
further studies, hDEM is expected to evolve into a more practical and 
reliable analysis method applicable to a wide range of geotechnical 
and engineering challenges.
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Appendix 

Appendix A 

This appendix presents the derivation of u̇elastic, induced by elastic deformation during contact interactions, based on the principle of energy 
conservation. All variables are defined in the Notations section for clarity.

The elastic potential energy, generated by the spring force during contact, can be decomposed into normal (Ep,N) and shear (Ep,S) components, 
corresponding to normal penetration (uN) and elastic shear deformation (uS), respectively. These components are expressed as: 

Ep,N =
1
2
KNu2

N & Ep,S =
1
2
KSu2

S (A.1) 

The total kinetic energy (Ek) of the two contacting blocks (Block 1 and Block 2) is given by: 

Ek =
1
2
m1u̇2

1 +
1
2
m2u̇2

2 +
1
2
I1θ̇

2
1 +

1
2
I2θ̇

2
2 (A.2) 

Assuming that the entire elastic energy stored at the contact is fully converted into kinetic energy without any energy dissipation, and that both 
blocks are initially at rest: 

Ep,N = Ek,N (A.3) 

Fig. 13. History of total kinetic energy.

Table 6 
Comparison of convergence behavior for DEM methods.

State Unit FBM hDEM Difference

Convergence cycle count Cycle 94,502 32,709 61,793
Average kinetic energy J 1.96 × 10-8 4.88 × 10-9 1.47 × 10-8

Average Displacement mm 0.64 0.7 0.06
Maximum displacement mm 1.14 1.15 0.01
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Ep,S = Ek,S (A.4) 

Starting with the normal component, applying energy conservation gives: 

1
2
KNu2

N =
1
2
m1u̇2

1 +
1
2
m2u̇2

2 +
1
2
I1θ̇

2
1 +

1
2
I2θ̇

2
2 (A.5) 

Since KN, uN, m1, m2, I1, I2 are either input values or previously computed during DEM simulation, the unknown variables are the velocities. To 
resolve this, the velocities are expressed in terms of impulse. Let JN denote the impulse in the normal direction, associated with the conversion of 
elastic potential energy into kinetic energy: 

JN = JN n̂N (A.6) 

JN = mc,N

⃒
⃒
⃒
⃒Δu̇rel,N

⃒
⃒
⃒
⃒ (A.7) 

Momentum conservation gives: 

JN n̂N = Δ
(

m1u̇1

)

&u1→c × (JN n̂N) = Δ
(

I1θ̇1

)

(A.8) 

JN n̂N = − Δ
(

m2u̇2

)

&u2→c × (JN n̂N) = − Δ
(

I2θ̇2

)

(A.9) 

Change of velocity can be written as: 

Δu̇1 =
JN n̂N

m1
&Δ θ̇1 = JN

u1→c × n̂N

I1
(A.10) 

Δu̇2 = −
JN n̂N

m2
&Δ θ̇2 = − JN

u2→c × n̂N

I2
(A.11) 

Since the initial velocities are zero: 

Δu̇1 = u̇1&Δu̇2 = u̇2&Δθ̇1 = θ̇1&Δθ̇2 = θ̇2 (A.12) 

Substituting Eqs. (A.10)-(A.12) into Eq. (A.5): 

1
2
KNu2

N =
1
2
m1

(
JN n̂N

m1

)2

+
1
2
m2

(

−
JN n̂N

m2

)2

+
1
2
I1

(

JN
u1→c × n̂N

I1

)2 

+
1
2
I2

(

− JN
u2→c × n̂N

I2

)2

(A.13) 

KNu2
N = J2

N

{
1

m1
+

1
m2

+
|u1→c × n̂N|

2

I1
+
|u2→c × n̂N|

2

I2

}

(A.14) 

Let the collision mass (mc,N) be defined as: 

1
mc,N

=
1

m1
+

1
m2

+
|u1→c × n̂N|

2

I1
+
|u2→c × n̂N|

2

I2
(A.15) 

KNu2
N =

J2
N

mc,N
(A.16) 

KNu2
N =

m2
c,N

⃒
⃒
⃒
⃒Δu̇rel,N

⃒
⃒
⃒
⃒

2

mc,N

(A.17) 

⃒
⃒
⃒
⃒Δu̇rel,N

⃒
⃒
⃒
⃒ =

̅̅̅̅̅̅̅̅̅̅̅

KNu2
N

mc,N

√

(A.18) 

Similarly, for the shear component: 
⃒
⃒
⃒
⃒Δu̇rel,S

⃒
⃒
⃒
⃒ =

̅̅̅̅̅̅̅̅̅̅

KSu2
S

mc,S

√

(A.19) 

1
mc,S

=
1

m1
+

1
m2

+
|u1→c × n̂S|

2

I1
+
|u2→c × n̂S|

2

I2
(A.20) 

Note that in Eq. (A.19) uS represents the elastic deformation caused by the frictional force (not the entire shear displacement), which is defined as: 

uS =
Ffriction

KS
(A.21) 

Since initial velocities are zero, the magnitude of the relative velocity due purely to elastic energy is: 
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⃒
⃒
⃒
⃒u̇elastic

⃒
⃒
⃒
⃒ =

⃒
⃒
⃒
⃒u̇rel,N + u̇rel,S

⃒
⃒
⃒
⃒ =

⃒
⃒
⃒
⃒Δu̇rel,N + Δu̇rel,S

⃒
⃒
⃒
⃒ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

KNu2
N

mc,N
+

KSu2
S

mc,S

√

(A.22) 

Data availability

Data will be made available on request.
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